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Abstract
In this paper the existence of the contingent epiderivative of a set-valued map is studied from a variational
perspective. We give a variational characterization of the ideal minimal of a weakly compact set. As a
consequence we characterize the existence of the contingent epiderivative in terms of an associated family
of variational systems. When a set-valued map takes values in Rn we show that these systems can be
formulated in terms of the contingent epiderivatives of scalar set-valued maps. By applying these results we
extend some existing theorems.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
It is well known that the contingent epiderivative of a set-valued map is a valuable concept
in set-valued analysis especially in the area of optimization, see [4] and references therein. De-
spite of this, there are few works where its existence has been studied. When the image space is
the real line existence conditions have been given in [2,5,6]. Recently, based on ordered spaces
techniques, several results have been given in a more general setting, see [8]. In order to com-
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epiderivative from a variational approach.
Let X,Y be real normed spaces where Y is partially ordered by a closed convex pointed
cone C. By y  x (respectively x  y) we denote x − y ∈ C. Let Y ′ be the topological dual
of Y and C+ the positive dual cone of C, i.e. C+ = {λ ∈ Y ′: λ(c)  0 for any c ∈ C}. Given a
nonempty subset A of Y , by IMin(A) we denote the ideal minimal point with respect to C, i.e.
the element a¯ ∈ A such that a¯  a for every a ∈ A. The closed ball centered at origin of radius
t ∈R+ is represented by B(0, t).
We recall that the effective domain, the graph and the epigraph of a set-valued map
F :X → 2Y are defined by
dom(F ) = {x ∈ X: F(x) = ∅},
graph(F ) = {(x, y) ∈ X × Y : y ∈ F(x)},
epi(F ) = {(x, y) ∈ X × Y : x ∈ dom(F ), y ∈ F(x) +C}.
Given F,G :X → 2Y by F  G, we denote dom(F ) = dom(G) and F(u) = G(u) for every
u ∈ dom(F ). Let λ ∈ C+, by λ ◦ F and F + C we denote the set-valued maps defined by
λ ◦ F(x) = {λ(y): y ∈ F(x)} and (F + C)(x) = F(x) + C for any x ∈ X (with convention
A+ ∅ = ∅ for any subset A ⊂ Y ), respectively.
The contingent cone T (A, y¯) to A ⊂ Y at a point y¯ ∈ A is the set of all y ∈ Y such that
there exists a sequence of real numbers (tn) → 0, tn > 0, and a sequence (yn) ⊂ Y with yn → y
such that y¯ + tnyn ∈ A. The contingent derivative DcF(x¯, y¯) of F at (x¯, y¯) ∈ graph(F ) is the
set-valued map from X to Y defined by graph(DcF (x¯, y¯)) = T (graph(F ), (x¯, y¯)), see [1].
Definition 1.1. Let F :X → 2Y , (x¯, y¯) ∈ graph(F ) and L = dom(Dc(F + C)(x¯, y¯)). A single-
valued map DF(x¯, y¯) :L → Y whose epigraph coincides with the contingent cone to the epi-
graph of F at (x¯, y¯), i.e.
epi
(
DF(x¯, y¯)
)= T (epi(F ), (x¯, y¯)),
is called the contingent epiderivative of F at (x¯, y¯).
If Y = R, C = R+, f :S →R a single-valued map, following the notation given by Aubin and
Frankowska in [1], we denote the contingent epiderivative of f at (x¯, f (x¯)) by D↑f (x¯, f (x¯)).
We recall:
D↑f
(
x¯, f (x¯)
)
(u) = inf{v: v ∈ Dc(f +R+)(x¯, f (x¯))(u)}
= lim inf
t→0+, u′→u
f (x¯ + tu′)− f (x¯)
t
.
The contents of this paper are as follows. In Section 2 we give a variational characterization
of the ideal minimal point of a weakly compact set. In Section 3 by means of this result we
get a variational characterization of the contingent epiderivate of a set-valued map. Finally in
Section 4, in the finite-dimensional case, we show that this variational characterization can be
formulated in terms of the contingent epiderivatives of the family of set-valued maps {λ◦F }λ∈C+ .
Furthermore we extend two existence theorems given in [8].
In the sequel by F :X → 2Y we denote a set-valued map such that S = dom(F ), (x¯, y¯) ∈
graph(F ) and L = dom(Dc(F +C)(x¯, y¯)).
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Let A = ∅ be a C-lower bounded subset of Y , i.e. there exists z ∈ Y such that A ⊂ z + C.
Hence for any λ ∈ C+ it is easily seen that inf{λ(a): a ∈ A}  λ(z). Consequently, we can
consider the following variational system
(P )
{
Find y ∈ Y such that
λ(y) = inf{λ(a): a ∈ A} for any λ ∈ C+.
From its definition we observe that (P ) has at most one solution. Indeed if y1 and y2 are solutions
of (P ) then λ(y1) = λ(y2) for every λ ∈ C+, whence ±(y1 − y2) ∈ C++ = C, and so y1 = y2.
Moreover, if y0 = IMin(A) then y0 is obviously the solution of (P ).
Under certain hypotheses the solution of (P ) characterizes the ideal minimal of A as the next
theorem shows. We recall that a set is weakly compact if it is compact with respect to the weak
topology, see [7].
Given λ ∈ C+ we denote Hλ = {y ∈ Y : λ(y) 0}, λ(A) = {λ(a): a ∈ A}.
Theorem 2.1. Let A be weakly compact. If there exists IMin(A), this element is a solution of (P ).
If (P ) has solution, this solution is unique and is given by IMin(A).
Proof. Let us prove that if (P ) has a solution then it coincides with IMin(A). Assume that y0 ∈ Y
is such that λ(y0) = inf{λ(a): a ∈ A} for every λ ∈ C+. Set Sλ := {a ∈ A: λ(a) λ(a′) ∀a′ ∈ A}.
Since A is weakly compact Sλ is a nonempty weakly closed (even weakly compact) subset of A.
We have to show that
⋂
λ∈C+ Sλ is nonempty. Because A is (weakly) compact, it is sufficient
to show that any finite subfamily (Sλi )i∈1,n of (Sλ)λ∈C+ has nonempty intersection. In fact
Sλ1+···+λn ⊂
⋂
i∈1,n Sλi for all λ1, . . . , λn ∈ C+. Indeed, setting λ := λ1 + · · · + λn and tak-
ing a ∈ Sλ, we have λi(y0) λi(a) for every i ∈ 1, n. Summing term by term these inequalities
we get λ(y0)  λ(a) = λ(y0), and so λi(y0) = λi(a) = minλi(A) for every i ∈ 1, n. It follows
that a ∈ ⋂i∈1,n Sλi . Hence ⋂λ∈C+ Sλ = ∅. Taking a¯ in this set we have that λ(a − a¯)  0 for
every λ ∈ C+ and every a ∈ A. Therefore, a − a¯ ∈ C++ = C for every a ∈ A, and so a¯ is the
ideal minimum point of A. 
The following corollary is straightforward from the previous theorem.
Corollary 2.2. Let B ⊂ Y be a set such that A ⊂ B , B ⊂ A + C. If (P ) has a solution then
IMin(B) = ∅.
3. Variational characterization of the contingent epiderivative
In [8], the LBD property is defined. This condition plays a fundamental role in the study of
the existence of DF(x¯, y¯). Adding a notion of weak compactness we get a natural condition for
the characterization of DF(x¯, y¯) in terms of a family of variational systems.
Definition 3.1. (See [8].) A set-valued map F is said to have the LBD (lower bounded derivative)
property at (x¯, y¯) ∈ graph(F ) if Dc(F +C)(x¯, y¯)(u) is C-lower bounded for any u ∈ L.
In the sequel we assume that F verifies the LBD property at (x¯, y¯). It is clear that F needs to
verify this property in order to assure the existence of DF(x¯, y¯). Under this hypothesis, we can
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tional systems
(Pu)u∈L
{
Find y ∈ Y such that
λ(y) = inf{λ(v): v ∈ Dc(F +C)(x¯, y¯)(u)} for any λ ∈ C+,
whose solutions, under certain hypotheses, characterize DF(x¯, y¯).
Definition 3.2. A set-valued map F is said to have the WCLBD (weakly compact lower bounded
derivative) property at (x¯, y¯) ∈ graph(F ) if for any u ∈ L there exists a weakly compact subset
Bu ⊂ Dc(F +C)(x¯, y¯)(u) such that
Dc(F +C)(x¯, y¯)(u) ⊂ Bu + C.
In the following by C normal we mean that for all sequences (xn)n∈N, (yn)n∈N such that
0  xn  yn, for every n ∈ N , if yn → 0 then xn → 0, where we are considering the norm
topology in Y (see [3]).
Proposition 3.3. Suppose that for any u ∈ L there exists an element wu ⊂ Y such that
Dc(F +C)(x¯, y¯)(u) ⊂ (Dc(F +C)(x¯, y¯)(u) ∩ (wu −C)) +C.
If one of the following conditions holds:
(i) the order intervals [a, b]C = (a+C)∩ (b−C) are weakly compact and the set-valued map
Dc(F +C)(x¯, y¯) takes convex values;
(ii) Y reflexive Banach space, C normal and Dc(F +C)(x¯, y¯) takes convex values;
(iii) Y finite-dimensional,
then F verifies the WCLBD property at (x¯, y¯).
Proof. Let u ∈ L. By G we denote the C-lower section
G = Dc(F + C)(x¯, y¯)(u) ∩ (wu − C).
(i) As F is LBD at (x¯, y¯) there exists z ∈ Y such that
Dc(F +C)(x¯, y¯)(u) ⊂ z +C
and G ⊂ [z,w]C . As G is closed and convex then it is weakly closed. Furthermore it is contained
in a weakly compact set therefore it is weakly compact.
(ii) Let [a, b]C , a, b ∈ Y , be an order interval of Y . [a, b]C is convex and closed, therefore it
is weakly closed. Furthermore, as C is normal, it is topologically bounded, see Theorem 2.2.10
of [3]. Therefore there exists r ∈ R+ such that [a, b]C ⊂ B(0, r). From the reflexivity of Y it is
well known that B(0, r) is weakly compact, hence [a, b]C is a weakly closed set contained in a
weakly compact thus weakly compact.
(iii) If Y is finite-dimensional, it is obvious that G is compact and therefore weakly com-
pact. 
Theorem 3.4. Suppose that F verifies the WCLBD property at (x¯, y¯). DF(x¯, y¯) exists if and
only if each system (Pu) has a solution for any u ∈ L. Furthermore if it exists, DF(x¯, y¯)(u) is
given by the unique solution of (Pu) for any u ∈ L.
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IMin
(
Dc(F + C)(x¯, y¯)(u)
) = ∅
for any u ∈ L. Furthermore if it exists we have
DF(x¯, y¯)(u) = IMin(Dc(F +C)(x¯, y¯)(u)).
Applying Corollary 2.2 we conclude. 
4. Finite-dimensional case
In this section we consider Y = Rn. We define the following family of variational systems
associated with the family of scalar set-valued maps {λ ◦ F }λ∈C+ :
(P 2u )u∈L
{
Find y ∈ Y such that
λ(y) = D(λ ◦ F)(x¯, λ(y¯))(u) for any λ ∈ C+.
We will study the relationship between (Pu)u∈L and (P 2u )u∈L.
Definition 4.1. F is said to be stable at (x¯, y¯) if there exist a constant M ∈ R+\{0} and a neigh-
borhood U of x¯ such that F(x) ⊂ {y¯} +B(0,M‖x − x¯‖) for any x ∈ U\{x¯}.
Lemma 4.2. Let λ ∈ Y ′. If F is stable at (x¯, y¯) then λ ◦ F is stable at (x¯, λ(y¯)).
Proof. Since F is stable at (x¯, y¯) there exist a neighborhood U of x¯ and a constant M > 0 such
that y − y¯ ∈ B(0,M‖x − x¯‖) for any y ∈ F(x) and x ∈ U\{x¯}. Because λ ∈ Y ′ there exists a
constant K > 0 such that |λ(y − y¯)|K‖x − x¯‖, thus |λ(y − y¯)|KM‖x − x¯‖. 
By Theorems 3.6.1 and 3.6.6 of [3] the following lemma is immediate.
Lemma 4.3. Let λ ∈ C+, IMin(F (x¯)) = {y¯} and let F be stable at (x¯, y¯). Then:
(i) Dc(F +C)(x¯, y¯)  DcF(x¯, y¯)+C.
(ii) inf{λ(v): v ∈ Dc(F +C)(x¯, y¯)(u)} = inf{λ(v): v ∈ DcF(x¯, y¯)(u)} for any u ∈ L.
Lemma 4.4. Let λ ∈ Y ′. If F(x¯) = {y¯} and F is stable at (x¯, y¯) then:
(i) dom(DcF (x¯, y¯)) = T (S, x¯) and DcF(x¯, y¯)(u) is compact for any u ∈ T (S, x¯).
(ii) dom(Dc(λ ◦ F)(x¯, λ(y¯))) = T (S, x¯).
(iii) λ(DcF(x¯, y¯)(u)) = Dc(λ ◦ F)(x¯, λ(y¯))(u) for any u ∈ T (S, x¯).
(iv) inf{λ(v): v ∈ DcF(x¯, y¯)(u)} = inf{v: v ∈ Dc(λ ◦F)(x¯, λ(y¯))(u)} ∈R for any u ∈ T (S, x¯).
(v) F verifies the WCLBD property at (x¯, y¯).
Proof. (i) As dom(DcF (x¯, y¯)) ⊂ T (S, x¯), it is sufficient to prove that
T (S, x¯) ⊂ dom(DcF(x¯, y¯)).
Given u ∈ T (S, x¯), there exist (xn) ⊂ S, tn → ∞, such that xn → x¯, tn(xn − x¯) → u.
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yn → y¯ and for n big enough
tn(yn − y¯) ∈ B
(
0,Mtn‖xn − x¯‖
)
. (4.1)
As Y is finite-dimensional we assume, without loss of generality, that there exists v ∈ Y such
that tn(yn − y¯) → v, thus (u, v) ∈ T (graph(F ), (x¯, y¯)) and therefore v ∈ DcF(x¯, y¯)(u) and
u ∈ dom(DcF (x¯, y¯)). From (4.1) we get v ∈ B(0,M‖u‖), i.e. DcF(x¯, y¯)(u) ⊂ B(0,M‖u‖),
hence DcF(x¯, y¯)(u) is a compact set.
(ii) By Lemma 4.3 λ ◦ F is stable at (x¯, λ(y¯)), therefore from (i) we conclude.
(iii) Let us prove that for any u ∈ T (S, x¯), Dc(λ ◦ F)(x¯, λ(y¯))(u) ⊂ λ(DcF(x¯, y¯)(u)). Let
w ∈ Dc(λ ◦ F)(x¯, λ(y¯))(u), there exist tn → ∞, (xn, yn) ⊂ graph(F ) such that (xn, λ(yn)) →
(x¯, λ(y¯)), tn(λ(yn) − λ(y¯)) → w. Since F is stable at (x¯, y¯) and IMin(F (x¯)) = {y¯}, yn → y¯
and there exists v ∈ Y such that a subsequence of {tn(yn − y¯)} converges to v, hence v ∈
DcF(x¯, y¯)(u). It is clear that w = λ(v).
Reciprocally let v ∈ DcF(x¯, y¯)(u). By the linearity and continuity of λ we prove λ(v) ∈
Dc(λ ◦ F)(x¯, λ(y¯))(u) in a similar fashion.
(iv) Let u ∈ T (S, x¯). As λ is continuous and (from (i)) DcF(x¯, y¯)(u) is compact, the set of
real numbers λ(DcF(x¯, y¯)(u)) is compact and therefore inf{λ(v): v ∈ DcF(x¯, y¯)(u)} is finite.
From (iii) we have
inf
{
λ(v): v ∈ DcF(x¯, y¯)(u)
}= inf{v: v ∈ Dc(λ ◦ F)(x¯, λ(y¯))(u)}.
(v) Let u ∈ T (S, x¯). From (i) of Lemma 4.3 we deduce
Dc(F +C)(x¯, y¯)(u) = DcF(x¯, y¯)(u) + C.
If we take Bu = DcF(x¯, y¯)(u), we have that Bu is compact, Bu ⊂ Dc(F + C)(x¯, y¯)(u) and
Dc(F +C)(x¯, y¯)(u) ⊂ Bu +C. Therefore F verifies the WCLBD property at (x¯, y¯). 
Proposition 4.5. Let IMin(F (x¯)) = {y¯} and let F be stable at (x¯, y¯). DF(x¯, y¯) exists if and only
if each system (P 2u ) has solution for any u ∈ T (S, x¯). Furthermore if it exists, DF(x¯, y¯)(u) is
given by the unique solution of (P 2u ) for any u ∈ T (S, x¯).
Proof. Let λ ∈ C+. Consider F̂ the set-valued map from X to Y defined by F̂ (x¯) = {y¯},
F̂ (x) = F(x) for any x ∈ S\{x¯}. First we notice that
L = dom(Dc(F̂ + C)(x¯, y¯))= T (S, x¯).
As it is always verified that
dom
(
DcF̂ (x¯, y¯)
)⊂ dom(Dc(F̂ + C)(x¯, y¯))⊂ T (S, x¯),
then from the previous lemma we have L = T (S, x¯).
It is easily seen that F + C  F̂ +C, λ ◦ F +R+  λ ◦ F̂ +R+. Therefore
Dc(λ ◦ F̂ +R+)
(
x¯, λ(y¯)
) D(λ ◦ F +R+)(x¯, λ(y¯)),
Dc(F̂ +C)(x¯, y¯)  Dc(F +C)(x¯, y¯).
If we prove that D(λ ◦ F̂ )(x¯, λ(y¯)) exists and
D(λ ◦ F̂ )(x¯, λ(y¯))(·) = inf{λ(v): v ∈ Dc(F̂ +C)(x¯, y¯)(·)} (4.2)
1380 L. Rodríguez-Marín, M. Sama / J. Math. Anal. Appl. 335 (2007) 1374–1382then from the previous equivalences we deduce that D(λ ◦ F)(x¯, λ(y¯)) exists and
D(λ ◦ F)(x¯, λ(y¯))(·) = inf{λ(v): v ∈ Dc(F +C)(x¯, y¯)(·)}
and as a consequence the family of variational systems (P 2u )u∈L is equivalent to (Pu)u∈L.
From (v) of Lemma 4.4, F̂ verifies the WCLBD property at (x¯, y¯), so in the same manner F
does. Applying Theorem 3.4, the proof is completed.
Let us prove (4.2). Let u ∈ L. From Lemma 4.2 λ ◦ F̂ is stable at (x¯, λ(y¯)), therefore by (iv)
of Lemma 4.4 and (ii) of Lemma 4.3, it is verified that
inf
{
v: v ∈ Dc(λ ◦ F̂ )
(
x¯, λ(y¯)
)
(u)
}= inf{λ(v): DcF̂ (x¯, y¯)(u)}
= inf{λ(v): v ∈ Dc(F̂ +C)(x¯, y¯)(u)}.
From the previous equalities and Theorem 4.5 of [8] we have that D(λ ◦ F̂ )(x¯, λ(y¯)) exists and
verifies
D(λ ◦ F̂ )(x¯, λ(y¯))(u) = inf{λ(v): v ∈ Dc(F̂ + C)(x¯, y¯)(u)} for any u ∈ L. 
As a consequence of the previous proposition we have the following characterization of the
contingent epiderivative of a stable single-valued map.
Corollary 4.6. Let f :S → Y be a single-valued map that is stable at x¯ ∈ S. Df (x¯, f (x¯)) exists
if and only if the following variational system{
Find y ∈ Y such that
λ(y) = D↑(λ ◦ f )
(
x¯, λ ◦ f (x¯))(u) for any λ ∈ C+,
has a solution for any u ∈ T (S, x¯). Furthermore if it exists, Df (x¯, f (x¯))(u) is given by the
unique solution of the corresponding variational system for any u ∈ T (S, x¯).
We remark that the previous results provide a sort of scalarization method to calculate the
contingent epiderivative of F at (x¯, y¯); instead of calculating Dc(F +C)(x¯, y¯) and then search-
ing for the ideal minimum of its images, with this approach we first epidifferentiate the scalar
set-valued maps {λ ◦ F }λ∈C+ and then we solve the associated system. In the next example
we illustrate this approach for the case of a single-valued map f :S → Y , by showing how the
variational problems that characterize Df (x¯, f (x¯)) are constructed by means of the contingent
epiderivatives D↑(λ ◦ f )(x¯, λ ◦ f (x¯)) with λ ∈ C+.
Example 1. Let X = S = R, Y = R2, C = {(x, y) ∈ R2: x − y  0, −x  0}, x¯ = 0. Consider
f the single-valued map from R to R2 defined by
f (x) =
{
(ex sinx, ex sinx) if x = 1
n
, n ∈N,
(x2, x2) if x /∈ { 1
n
: n ∈N},
f is stable at x¯ = 0. C+ is characterized by
C+ = {(α − β,−α): α,β ∈ R+}.
Let λ = (α − β,−α) ∈ C+ then
λ ◦ f (x) =
{
−βex sinx if x = 1
n
, n ∈N,
−βx2 if x /∈ { 1 : n ∈ N}.
n
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D↑(λ ◦ f )
(
0, λ(0)
)
(u) =
{
−βu if u > 0,
0 if u 0.
Therefore for any u > 0 if it exists, Df (x¯, f (x¯))(u) is the solution of the following variational
system:{
Find (x, y) ∈ R2 such that
(α − β)x − αy = −βu for any α,β ∈ R+.
It is easily seen that (x, y) = (u,u) is a solution.
Similarly for any u < 0 if it exists, Df (x¯, f (x¯))(u) is the solution of the following variational
system:{
Find (x, y) ∈ R2 such that
(α − β)x − αy = 0 for any α,β ∈ R+.
It is easily seen that (x, y) = (0,0) is a solution. Therefore Df (x¯, f (x¯)) exists and is given by
Df
(
x¯, f (x¯)
)
(u) =
{
(u,u) if u > 0,
(0,0) if u 0.
In the following we extend two results of existence of contingent epiderivative given in [8].
We recall that F is said to be C-convex if S is a convex set and αF(x)+ (1 −α)F (y) ⊂ F(αx +
(1 − α)y)+ C, for any x, y ∈ S, α ∈ [0,1]. By int(S) we denote the topological interior of S.
Theorem 4.7. Let x¯ ∈ int(S) and let f :S → Y be a C-convex and continuous single-valued map
at x¯ then Df (x¯, f (x¯)) exists and Df (x¯, f (x¯))  Dcf (x¯, f (x¯)). Furthermore for any u ∈ X,
Df (x¯, f (x¯))(u) is the unique solution of the following variational system{
Find y ∈ Y such that
λ(y) = D↑(λ ◦ f )
(
x¯, λ ◦ f (x¯))(u) for any λ ∈ C+.
Proof. Let λ ∈ C+. By Theorems 3.6.1 and 3.6.6 of [3] we have
Dc(f + C)
(
x¯, f (x¯)
)
(·)  Dcf
(
x¯, f (x¯)
)
(·) +C.
For any u ∈ X it yields
inf
{
λ(v): v ∈ Dc(f +C)
(
x¯, f (x¯)
)
(u)
}= inf{λ(v): v ∈ Dcf (x¯, f (x¯))(u)}. (4.3)
Let u ∈ X. Following the proof of Lemma 4.4, it is easy to check that
λ
(
Dcf
(
x¯, f (x¯)
)
(u)
)⊂ Dc(λ ◦ f )(x¯, λ ◦ f (x¯))(u). (4.4)
Since λ ∈ C+ and f is C-convex and continuous at x¯ then λ ◦ f is convex and continuous at x¯.
Hence it is well known that the limit limα→0+ (λ◦f )(x¯+αu)−(λ◦f )(x¯)α exists and
Dc(λ ◦ f )
(
x¯, λ ◦ f (x¯))(u) = { lim
α→0+
(λ ◦ f )(x¯ + αu) − (λ ◦ f )(x¯)
α
}
= {D↑(λ ◦ f )(x¯, λ ◦ f (x¯))(u)}.
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λ
(
Dcf
(
x¯, f (x¯)
)
(u)
)= {D↑(λ ◦ f )(x¯, λ ◦ f (x¯))(u)}
and by (4.3) and the previous equality
inf
{
λ(v): v ∈ Dc(f +C)
(
x¯, f (x¯)
)
(u)
}= D↑(λ ◦ f )(x¯, λ ◦ f (x¯))(u).
From the previous equalities we deduce that any v ∈ Dcf (x¯, f (x¯))(u) is solution of (Pu), then
by Theorem 3.4, as the solution of the problem is unique, we deduce that the set Dcf (x¯, f (x¯))(u)
is a singleton set. Therefore Df (x¯, f (x¯)) exists and
IMin
(
Dc(f +C)
(
x¯, f (x¯)
)
(u)
)= IMin(Dcf (x¯, f (x¯))(u)+ C)= Dcf (x¯, f (x¯))(u).
From Theorem 3.1 of [8], Df (x¯, f (x¯)) exists and
Df
(
x¯, f (x¯)
)
(u) = Dcf
(
x¯, f (x¯)
)
(u). 
Theorem 4.8. Let F be a C-convex set-valued map such that IMin(F (x)) = ∅ for any x ∈ S.
If h(x) = IMin(F (x)) is continuous at x¯ ∈ int(S) then there exists DF(x¯, h(x¯)). Furthermore
DF(x,h(x¯))(u) is given by the solution of the following variational system for any u ∈ X{
Find y ∈ Y such that
λ(y) = D↑(λ ◦ h)
(
x¯, λ ◦ h(x¯))(u) for any λ ∈ C+.
Proof. As epi(h) = epi(F ) this theorem is equivalent to Theorem 4.7. 
Remark 4.9. The previous theorems extend Theorems 7.4 and 7.5 of [8], respectively.
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